ON THE QUASISYMMETRY OF QUASICONFORMAL 
MAPPINGS AND ITS APPLICATIONS 
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Abstract. Suppose that is a proper domain in M" and that / is a quasicon- 
formal mapping from D onto a John domain D' in M". First, we show that if 
D and D' arc bounded, and D is a broad domain, then for an arcwise connected 
subset A in D. f{A) is LLC2 with respect to Sd' in D' if and only if the restriction 
f\A ■ A — > f{A) is quasisymmetric in the metrics 5d and 5d'- This result implies 
that the answer to one of the open problems raised by Heinonen from 1989 is 
afhrmative under the additional condition "A being arcwise connected" . By us- 
ing the result obtained, we establish nine equivalent conditions for the domain 
quasiconformally equivalent to a uniform domain to be John. This result is a 
generalization of the main result in [12]. Based on the equivalent conditions to be 
John, we prove that if / is a quasiconformal mapping from a bounded uniform do- 
main onto a bounded John domain, then / is uniformly Holder continuous, which 
is a generalization of a result of Nakki and Palka [26] . 



1. Introduction and main results 

In this paper, we study the quasisymmetry of quasiconformal mappings in 
and the apphcations of this property. The motivation for this study stems from one 
of Heinonen's open problems together with the main result, namely, Theorem 3.1 
in [12]. Under the assumptions (1) both domains D and D' in are bounded; 
(2) / : D — )■ D' is a iT- quasiconformal mapping; (3) D is y?-broad (see Defini- 
tion 5), Heinonen concluded that (i) the restriction /|^ : A — f{A) is weakly 
if-quasisymmetric (see Definition 6) in the metrics 5d and 5di if A C -D is such that 
f{A) is b-LLC2 (see Definition 7) with respect to 6d' in D' ([12, Theorem 6.1], see 
also Theorem O below). This is a generalization of a result of Vaisala [34, Theo- 
rem 2.20]; (ii) f{A) = A' is b-LLC2 with respect to 6d' in D' provided A G D is 
arcwise connected and ■ A' —> A is weakly if -quasisymmetric in the metrics 

and 60 ([13, Lemma 8.3], see also Theorem P below). In [12], Heinonen asked 
whether the word "weakly" in the conclusion : A — )■ f{A) being weakly H- 

quasisymmetric in the metrics Sd and So" is redundant (see the paragraph next to 
the statement of Theorem 6.5 in [12]). In the first part of this paper, we study this 
problem. Our result is as follows. 
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Theorem 1. Suppose that D and D' are bounded domains in M", that f : D D' is 
K -quasiconformal, and let D be f -broad. If A G D is arcwise connected, then f{A) 
is b-LLC2 with respect to 6d' in D' if and only if f\A '■ A — t- f{A) is rj-quasisymmetric 
in the metrics 6d and 6d' with r] depending only on the data 



where xq is a fixed point in A and Sd^A) denotes the do-diameter of A. 

Remark 1. (1) Theorem 1 shows that the answer to Heinonen's problem mentioned 
as above is affirmative when the set A is arcwise connected. 

(2) By Remark 2 in Section 2, we see that Theorem 1 is a generalization of [12, 
Theorem 6.6]. In fact, Theorem 1 shows that the conditions "A being BT" and "D' 
being BT" in [12, Theorem 6.6] are redundant. 

The following result easily follows from Theorems 1, O and P. 

Corollary 1. Suppose that f : D ^ D' is a K -quasiconformal mapping onto a 
Lp-broad D' and that A is an arcwise connected subset of D. Then the following 
statements are equivalent. 

(1) A is C-LLC2 with respect to 5d in D; 

(2) f\A : A ^ A' is weakly H -quasisymmetric in the metrics 6d and 6d'; 

(3) f\A_ '. A fiA) is rj- quasisymmetric in the metrics 6d and 6d', 
where c, H and rj depend on each other and the data 



John [19], Martio and Sarvas [25] were the first who studied John domains and 
uniform domains, respectively. There are many alternative characterizations for 
uniform and John domains, see [6, 7, 9, 22, 24, 36, 37, 38, 39, 40]. The importance 
of this class of domains in the function theory is well documented, see [7, 22, 27, 32]. 
Moreover, John domains and uniform domains in enjoy numerous geometric and 
function theoretic features in many areas of modern mathematical analysis, see [1, 
3, 6, 9, 11, 17, 18, 20, 21, 23, 32, 39]. From the various equivalent characterizations, 
we adopt the following definitions. 

Definition 1. A domain D in M" is said to be c-uniform if there exists a constant c 
with the property that each pair of points zi, Z2 in D can be joined by a rectifiable 
arc 7 in D satisfying (cf. [25, 36]) 

(1) mill £(7[2;j, z]) < cd£,{z) for all ;z G 7, and 

(2) %) <C 1^1-^2 I, 

where £(7) denotes the arc length of 7, "y[zj, z] the part of 7 between Zj and z, and 
dniz) is the distance from z to the boundary dD of D. Also we say that 7 is a 
double c-cone arc. 

A domain D in is said to be a c-John domain if it satisfies the condition (1) 
in Definition 1, but not necessarily (2), and 7 is called a c-cone arc. 
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Definition 2. A domain D in M" is said to have the c-carrot property with center 
Xo G -D if there exists a constant c with the property that for each point zi in A, z\ 
and Xo can be joined by a rectifiable arc 7 in D satisfying (cf. [27, 34]) 

^(7 [2^1, 2:]) < cdr,{z) 

for all 267. Also we say that 7 is a c-carrot arc. 

A domain D inM is said to be a c-John domain with center xq in D if it has the 
c-carrot property with center xq G D. 

Definition 2 is often referred to as the "arc length" definition for the carrot prop- 
erty. When the word "arc length" in Definition 2 is replaced by "diameter", then 
it is called the "diameter" definition for the carrot property. The following result 
reveals the close relationship between these two definitions. 

Theorem A. ([27]) The ''arc length" definition for the carrot property is quantita- 
tively equivalent to the "diameter" one. 

Also the following result concerning the definitions for John domains in Definitions 
1 and 2 is known to be equivalent. 

Theorem B. ([34, Lemma 2.4]) The definitions for John domains in Definitions 1 
and 2 are quantitatively equivalent for hounded domains. 

In [12], Heinonen studied the quasiconformal mappings of the unit ball B in 
onto John domains D in W^. The main aim of the paper of Heinonen [12] was 
to provide nine equivalent conditions for D to be John, where D is bounded and 
quasiconformally equivalent to B, see [12, Theorem 3.1]. In addition, Heinonen 
specially pointed out that the requirement "D is quasiconformally equivalent to B" 
in [12, Theorem 3.1] cannot be replaced e.g. by "D is homeomorphic to B" or "D is a 
John domain" . Based on Theorem 1, we will actually prove Theorem 2 below, which 
shows that the ball "B" in the requirement "D being quasiconformally equivalent to 
B" in [12, Theorem 3.1] can be replaced by "D being a uniform domain" . We remark 
that every ball in M" is uniform. Also, Theorem 2 is a generalization of Theorem 
1 of Pommerenke [28]. To state the result, some notations are needed: Suppose D 
is c-uniform. For x G -D, we use $(2;) to denote the set of all continua I{x) in the 
intersection B(x, 8c(i£)(x)) flSD such that diam(J(x)) > d£,{x). Obviously, $(x) 7^ 
for each x G -D. 

Theorem 2. Suppose that D and D' are hounded domains in , that f : D ^ D' 
is a K -quasiconformal mapping, that D is c-uniform, and that f : D ^ D' is a 
homeomorphism. Then the following statements are equivalent. 

(1) D' is a b-John domain with center f{xo); 

(2) D' is if -broad; 

(3) / : {D,5d) — {D',60') is rj-quasisymmetric; 

(4) For X G D and each I{x) G $(x), diam(/(J(x))) < bidD'{f{x)); 

(5) For x,w E D, if \x — w\ < Scdn^x), then Sr)'{f{x), f{w)) < &2'^d'(/(^))/ 



4 



(6) For x,w ^ D, if \x — w\ < 8cdD{x) and doiw) < 2cdD{x), then 

a,H<&3a/(x)(^j 
(see Definition 9 for aj); 

(8) D' IS 65 -LLCs; 

(9) D' is hQ-LLC2 with respect to 6d'; 

(10) / : {D,6d) {D',6d') is weakly H -quasisymmetric. 

The constants 6, 61, 62, &3, 64, 65, ^e, a and the functions 77 depend only on 
each other and the data 

/ ^ diam(L)) diam(L'') \ 
V ' ' ' doixo) ' dD/(/(xo))/ ' 
where xq is a fixed point in D. 

Definition 3. A mapping / of a set A in a metric space (Xi, di) into another metric 
space (X2, ^2) is said to be Holder continuous with exponent a G (0, 1] at a point x 
in A if there is a constant M such that 

(1.1) d2(/(x),/(y))<Mrfi(x,2/)" 

for all y in A. Further, if (1.1) holds for all points x and y m A with fixed M and a, 
then we say that / is uniformly Holder continuous with exponent a in A or that / 
belongs to the Lipschitz class in A with exponent a. We use the notation Lip„(A) 
to denote this class. 

In [26], Nakki and Palka proved that each quasiconformal mapping / of a bounded 
uniform domain D in M" onto the ball B belongs to Lip^(D) and f~^ belongs to 
Lip^(B), where the constants a < 1 and /3 < 1 depend only on the outer dilation of 
/, the uniformality coefficient of D and the dimension n ([26, Theorem 10]). The 
following result is a version of [35, Theorem 5.19] in M". 

Theorem C. Suppose that f : D ^ D' is a K -quasiconformal mapping. Then f 
satisfies the Holder condition 



^ < !-.(■ 



Zl - Z2 



ai 



dD'{z[) V doizi) 

for all Zl E D and G B(2;i, \dj:,{z\)), where the constants bo > 1 and ai G (0, 1] 
depend only on K and n. 

As the third aim of this paper, we will exploit Theorem 2 to further investigate 
the Holder continuity of quasiconformal mappings. 

Theorem 3. Let D and D' he hounded domains in M". Suppose that D is a c- 
uniform domain, that D' is a ci-John domain, and suppose that f : D ^ D' is a K- 
quasiconformal mapping. Then f helongs to Lip^{D), where a = a{c, Ci, K,n) < 1. 

The following corollary easily follows from Theorem 3. 
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Corollary 2. Let D and D' he hounded domains in M". Suppose that D is a c- 
uniform domain and D' is a ci-uniform domain, and suppose that f : D D' 
is a K -quasiconformal mapping. Then f belongs to Lip^(D) and /"^ belongs to 
Lip^(D'), where a = a{c, ci, K,n) < 1. 

We remark that Theorem 3 shows that for the assertion "/ G Lip„(£>)", the ball 
"B" in the assumption of [26, Theorem 10] can be replaced by "a John domain". 
Also Corollary 2 shows that the ball "B" in the assumption of [26, Theorem 10] can 
be replaced by "a uniform domain" . 

This paper is organized as follows. In Section 2, we will record some notations, 
definitions and known results that are needed for a later discussion. The proofs of 
Theorems 1 ~ 3 will be presented in Sections 3 ~ 5, respectively. 



2.1. Notation. Throughout the paper, we always assume that D and D' are proper 
subdomains in M", n > 2, and / : D ^ D' includes the assumption that / is a 
homeomorphism onto D'. Also we use M{xo,r) to denote the open ball {x G M" : 
|x — XqI < r} centered at Xq with radius r > 0. Similarly, for the closed balls and 
spheres, we use the notations M{xo,r) and S{xo,r), respectively. In particular, we 
use B to denote the unit ball B(0, 1). 

For convenience, in what follows, we always assume that x,y, z, . . . are points in 
a domain D in R" and the primes x' ,y' , z' , . . . the images in D' of x,y, z, . . . under 
/, respectively. Also we assume that a,/3,7, ... are curves in D and the primes 
a', /?', 7', . . . the images in D' of a, 7, . . . under /, respectively. 

2.2. Quasihyperbolic metric, solid arcs and neargeodesics. Let 7 be a rec- 
tifiable arc or path in D. Then the quasihyperbolic length of 7 is defined to be the 
number ikoil) given by (cf. [10]) 



For zi, Z2 in D, the quasihyperbolic distance kr){zi, Z2) between zi and Z2 is defined 
in the usual way: 



where the infimum is taken over all rectifiable arcs 7 joining zi to Z2 in D. An 
arc 7 from Zi to Z2 is called a quasihyperbolic geodesic if ikoil) — ^d(^1;^2)- Each 
subarc of a quasihyperbolic geodesic is obviously a quasihyperbolic geodesic. It is 
known that a quasihyperbolic geodesic between two points in D always exists (cf. 
[9, Lemma 1]). Moreover, for zi, Z2 in D, we have (cf. [36, 42]) 



2. Preliminaries 




kD{zi,Z2) = inf 4^(7), 



(2.1) 




where 7 denote rectifiable curves joining zi and Z2 in D. In particular, it follows 
that for every quasigeodesic 7 in D joining zi to 22, 

(2.2) (^1,^2) > log fl+ ^^^^ 



mm{dD{zi),dj:){z2)} 
Furthermore, if \zi — 22I < '^z)(-2i), then we have (cf. [35, 41]) 

(2.3) kD{zi,Z2)<\og(l + 

The following characterization of uniform domains by the quasihyperbolic metric 
is useful for our discussions. 

Theorem D. ([41, 2.50 (2)]) A domain D dW^ is c-uniform if and only if there 
is a constant fii such that for all x, y & D, 





\zi - 


Z2\ 




doizi) - 


\zi 


- Z2\ 



knix.y) < ^ilog 1 



\x - y\ 



mm{dD{x),dD{,y)} 
where = /ii(c) is a constant depending only on c. 

This form of the definition of uniform domains is due to Gehring and Osgood 
[9]. As a matter of fact, in [9, Theorem 1], there was an additive constant in the 
inequality of Theorem D, but it was shown by Vuorinen in [41, 2.50 (2)] that the 
additive constant can be chosen to be zero. 

Next, we recall a relationship between the quasihyperbolic distance of points in 
D and the one of their images in D' under a quasiconformal mapping. 

Theorem E. ([9, Theorem 3]) Suppose f : D ^ D' is a K -quasiconformal mapping. 
Then for zi, Z2 ^ D, 

kD'{z[,z'^) < fi2max {koizi, Z2), {koizi, Z2))^} , 
where the constant ^2 = A^2(?^, K) > 1 depends only on K and n. 

As a generalization of quasihyperbolic geodesies, Vaisala introduced the concept 
of neargeodesic in [38]. 

Definition 4. An arc a C -D is a y -neargeodesic if £fc^(a[x,?/]) < v k£i{x,y) for all 
X, ?/ G a. 

Obviously, a //-neargeodesic is a quasihyperbolic geodesic if and only ii v = 1. 
The following result is the version of [38, Theorem 6.19] in M"-. 

Theorem F. Suppose that D is a c-uniform domain and that -j is a ci-neargeodesic 
in D with endpoints zi and Z2. Then there is a constant /is = ^^{c, Ci) > 1 such that 

(1) mm^i{'y[zj, z]) < n^dD^z) for all z G a; and 

(2) ^(7) </i3kl-^2|. 
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2.3. Moduli of families of curves. Suppose that G is a domain in M", that E 
and F are two disjoint continua in G, and that Mod {E, F; G) denotes the usual 
conformal modulus of the family of all curves joining E and F in G. For a family 
of curves V in G, we always use Mod (F) to denote the conformal modulus of F [31]. 
The following related results are useful for us. The first result is from [16, p. 397] 
or the combination of §11.9 in [31], [41, Lemmas 2.39 and 2.44] and §7 in [42]. 

Theorem G. Suppose n > 2. Then there exist decreasing homeomorphisms (j)n, 
tpn '■ (0, oo) — 7- (0, oo) such that 

Mt) <Mod{E,F;W) <ijn{t), 
where t = — ^ and "dist" (resp. 'diam") is "distance" (resp. "diameter") . 

Theorem H. ([8, Theorem 4.15] and [16, p. 397]) Suppose that G C W is a c- 
uniform domain. Then 

Mod {E, F; M") < fiMod {E, F; G) 

for every pair of disjoint continua E and F in G, where /i4 = /i4(n, c) is a constant 
depending only on n and c. 

Theorem I. ([31, Theorem 7.1] and [33, Lemma 2.9]) (1) There is a decreasing 
homeomorphism Qn '■ (0, oo) — > (0, oo) with the following property: if V is a family 
of paths, each of which meets a set E in M" and has length at least X, then 

Mod(F) < Q„' ^ 



vdiam(£')- 

(2) Suppose that a family of the curves F lie in a Borel set E C M" and that 
£(7) > r > for every locally rectifiable 7 G F. Then 

MoMT) < 

where m{E) denotes the volume of E. 

Theorem J. ([31, Section 7.5]) For x G M" and < a < b < 00, let A denote the 
spherical ring B"(x, 6)\B"(x, a), E = §"(x,a), F = §"(x,6) and F^ = T{E,F,A) 
the family of the curves in A connecting E and F . Then 

Mod(F^) = a;„_i(^log-j . 

2.4. Internal metric, broad domains and quasisymmetric mappings. For x, 

y in D, the internal metric Sd in D is defined by 

5j:){x, y) = inf{diam(Q;) : a C -D is a rectifiable arc joining x and y}. 

Definition 5. Let ip : (0, 00) — t- (0, 00) be a decreasing homeomorphism. We say 
that D is Lf-broad if for each t > and each pair (Co,Ci) of continua in D with 
Co n Ci = 0, the condition 6d{Go,Ci) < t min{diam(Co), diam(Ci)} implies 

Mod(Co,Ci;D) > ifit), 
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where Sd{Cq, Ci) denotes the ^^-distance between Co and Ci. 

Broad domains were introduced in [34]. It was later proved that a simply con- 
nected planar domain is broad if and only if it is John [27, Section 8]. Further, 
Gehring and Martio proved the following. 

Theorem K. ([8, Lemma 2.6]) If D C M" ^s a c-uniform domain, then D is ip-broad, 
where Lp depends only on c. 

Definition 6. Let (X, d) and (X', d') be two metric spaces, and let rj : [0, oo) — )■ 
[0, oo) be a homeomorphism. An embedding / : X — )■ X' is r]-quasisymmetric, or 
briefly t^-QS, in the metrics d and d' if d{a, x) < td{a, y) implies 

d'{a',x') < r]{t)d'{a',y') 

for all a, X, y & X, and if there is a constant p > 1 such that d{a,x) < d{a,y) 
implies 

d'{a',x') < vd'{a\y'), 

then / is said to be weakly u-quasisymmetric, or briefly weakly zz-QS, in the metrics 
d and d'. 

Obviously, "quasisymmetry" implies "weak quasisymmetry" . 

Remark 2. It follows from [32] (see also [5]) that is ?7i-quasisymmetric if / is 
?7-quasisymmetric, where rji depends only on r]. 

Theorem L. ([27, Lemma 3.9]) Suppose f : D ^ D' is a homeomorphism which 
is rj-QS in the metrics e and e! with d < e < and d' < e' < 6d', where d = d' 
denotes the Euclidean metric in M". If D is ip-broad, then D' is p' -broad with (p' 
depending only on ip>, rj and n. 

Theorem M. ([27, Lemma 3.5]) Suppose that D and D' are bounded and that 
f : D ^ D' is a homeomorphism which is r]-QS in the metrics e and e! with 
d < e < So and d' < e' < Sur, where d = d' denotes the Euclidean metric in M". // 
D is a c-John domain, then D' is a d -John domain with d depending only on c, rj 
and n. 

We record the following result which is from [34]. 

Theorem N. ([34, Theorem 2.20]) Suppose that f : D ^ D' is a K -quasiconformal 
mapping between domains D and D' C M", where D is (p-broad. Suppose also that 
A G D is a arcwise connected set and that A' has the ci-carrot property in D' with 
center y^ e D' . If yQ ^ oo, we assume that diam(yl') < C2dci'{yQ). If y'o = oo, we 
assume that f extends to a homeomorphism DU{oo} — t- -D'Ujoo}. Then fl^ is rj-QS 
in the metrics 6d and 6d' with rj depending only on the data v = iy{ci, C2, K, (j), n). 

See [4, 14, 15, 30] etc for further discussions on the quasisymmetry of quasicon- 
formal mappings. 
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2.5. Linearly locally connected sets. 

Definition 7. Suppose that A G D and 6 > 1 is a constant. We say that A is b- 
LLC2 (resp. b-LLC2 with respect to 6d) in D if for all x & A and r > 0, the points 
in A\M{x,br) (resp. A\Ms^{x,br)) can be joined in D\E{x,r) (resp. D\Esjj{x,r)), 
where 



If A = D, then we say that D is 6-LLC2 (resp. 6-LLC2 with respect to 6d)- 

We recall the following result which is from [12]. 

Theorem O. ([12, Theorem 6.1]) Suppose that D and D' are bounded, that f : 
D ^ D' is K -quasiconformal, and suppose that D is ip-broad. If A G D is such that 
f{A) is 6-LLC2 with respect to 60' in D', then /|^ : A ^ A' is weakly H-QS in the 
metrics Sd and Sd' with H depending only on the data 



where xq is a fixed point in A. 

In [13], Heinonen considered the converse of Theorem O and obtained the follow- 
ing. 

Theorem P. ([13, Lemma 8.3]) Suppose that f : D ^ D' is a K -quasiconformal 
mapping onto a ip-broad D' and that A is an arcwise connected subset of D. If 
f\A '■ A ^ A' is weakly H-QS in the metrics 6d and 6d', then A is C-LLC2 with 
respect to 5^:) in D, where c depends only on v = (n, K, tp, H). 

2.6. K-homogeneously totally bounded spaces. 

Definition 8. We say that a metric space X is n-homogeneously totally bounded 
or briefiy, n-HTB, if k : [|,oo) — )■ [l,oo) is an increasing function and if, for each 
a > |, each closed ball B(x, r) in X can be covered with sets Ai, . . . , A^ such that 
s < K{a) and diam(^j) < - for all j. (We always assume, in the following, that 
«;(«) > 2.) 

Theorem Q. ([34, Lemma 2.18]) Let D gW^ be a (p-broad domain, and let e be a 
metric of D with d < e < 60, where d denotes the Euclidean metric in M". Then 
(D,e) is K-WTB with k = K^^n- 

2.7. The function aj. 

Definition 9. Suppose f : D ^ D' is a. /C-quasiconformal mapping. For x G we 
write 



where Jf denotes the Jacobian of / and m{Bx) stands for the volume of the ball B^. 



Ms^{x,r) = {zeW: 6D{z,x)<r}. 





and set 
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We recall the following result concerning the function a/. 

Theorem R. ([12, Lemma 2.11], see also [2, Theorem 1.8]) Suppose f : D ^ D' is 
a K -quasiconformal mapping. Then there is a constant /xg such that 

1 dn'{x') do'ix') 
< af{x) < /i6- 



fi6 dnix) doix) 
for all X E D, where fiQ = fiQ{n, K) depends only on n and K . 

3. Linear local connectedness and quasisymmetry 

The aim of this section is to give a proof of Theorem 1. Before the proof of 
Theorem 1, we prove two lemmas. 

Lemma 1. Suppose that D and D' are bounded, that f : D ^ D' is K -quasiconformal, 
that D is -broad, and suppose that A G D is arcwise connected such that /|a : 
A ^ A' is weakly H-QS in the metrics 6d and 5d' ■ For zi, Z2, z^ G A, if 6d{zi, z^) < 
c6d{zi, Z2), then 

^D'{z[,z'3) < I275d'{z[,z'2), 

where = H{1 + H)fig^^^ ^, 

/is = max|8//Ji,8i/exp (^2(^^^)^) +8//} 
and the homeomorphism k is the same as in Theorem Q. 
Proof. If S£){zi,Z2) > ScizijZ^), then by Theorem O, 

> Jj(^'d{z'i,Z2). 

Hence the lemma holds in this case. 

Next we consider the case when Sd{zi,Z2) < 6d{zi,Z3). By Theorem Q, there 
must exist a finite sequence {ui, . . . , Uq} {q < k(c)) in D such that 

Msj,{zi,Sd{zi,Z3)) C [jMs^iui, -6d{zi, Z2)) , 

i=l 

where Ui = zi and Ug = z^. 

We take /3 to be a Jordan curve joining zi and z-^ in A. Further, we let Xi = Zi, 
and let X2, ■ ■ ■ , Xg be points such that for each i e {1, . . . , s}, Xj+i denotes the last 
point in /3 along the direction from Zi to z^ such that 

6D{xi,Xi+i) = 3'~^Sd{zi,Z2), 

Z3 e D\Ms^{zi,3'^^6d{zi,Z2)) and Z3 eMs^{zi,3'6D{zi, Z2)). 
It is possible that Xg+i = z^. Obviously, 

(3.1) 3'-'Sd{z,,Z2) < 5Dizu Z3) < 3'SDiz^, Z2) 

and for alH 7^ j G {1, . . . , s + 1}, 

5D{Xi,Xj) > 2Sd{zi,Z2). 
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Then we have 

(3.2) s + l<q<K{c). 

Let be the first point in l3[zs, Xg] along the direction from to Xg such that 

We infer from (3.1) that 

(3.3) 6D{Xs,ys+l) < Sd{xi,Xs) + Sd{xi,Z3) + SD{ys+l,Z3) 

= 6d{xi,Xs) + Sd{xi,Z3) + ^6d{Xs,Z3) 

o 

9 45 

< -{Sd{Xi,Xs) + Sd{Xi, Z-s)) < —6D{Xi,Xg) 
o 4 

and 

(3.4) Sd{Xs, Vs+l) < Sd{Xs, Z2,) + SoiVs+l, Z3) = dSoiys+i, zs)- 
Clearly, for each w G f3[ys+i, z^], 

5Diys+i,w) < Soiys+i, Z3) + Soizs, w) < 26Diys+i, Z3). 

It follows from 

Sd{xi, 23) > Soixs, Z3) - 6d{xi,Xs) > Snixs, 23) - ^Sd{xi, Z3) 

that 

3 

SDiXi,Z3) > -5DiXs,Z3), 

and so 

3 

(3.5) Soixi^w) > SDixi,Z3) - 6Diw,Z3) > -SDiXs,Z3) - 6Diw,Z3) 

5 

> 55D{ys+i,z3) > -Soiys+i^w). 

Now we take Vi = Xi for each i G {1, . . . , s}, Vg+i = ys+i and Vs+2 = Z3. For each 
i G {2, . . . , s — 1}, we have 

and further 

4 2 

SD{Vi,Vi+i) < A5D{Vi,Vi) = -SD{vi,Vi+i) < -5D{Vi+l,Vs+2), 

since by (3.1), ^^(wi+i, -y.+a) > 6d{vi,Vs+2) - '^d(^^i, ^^i+i) > 2Soivi,Vi+i). Then 
(3.3) and (3.4) show that for each z G {2, . . . , s}, 

45 

(3.6) 6D{vi,Vi+i) < —mm{6D{vi,Vi),6D{vi+i,Vg+2)}- 

Claim 3.1. (1) For each i E {2, . . . , s} , we have 6£)'{v[,v^_^_-^^) < fis6£)'{v[,v'j) ; and 
{2)6n'K^„vU,)<H6n'{v[,ii^,). 
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We prove the part (1) by contradiction. Suppose on the contrary that there exists 
an z G {2, . . . , s} such that 

6d'{v[,vI^^) > fi8SD'{v[,v'^. 
Let be a Jordan curve joining v[ and v'^ in D' such that 

(3.7) dmmij[)<^6n'{v[,v'^, 

and we let w'^ be the last point in P'lv^, v'^_^2] along the direction from f • to v'g_^_2 such 
that 

SD'iv[,w'i) = ■^Sd'{v[,v'^. 

Obviously, 

(3.8) 5D'{v[,v'i^^) > 3H5d'{v[,w'^. 
Moreover, we have 

Subclaim 1. it;- G /3'[v'^,v'^_^_-^]. 

To prove this subclaim, we divide the arguments into the case when i < s — 1 and 
the case when i = s. We first consider the case i < s — 1. Then Theorem O and 

(3.8) imply 

and so the choice of Wi+i shows that w'^ G f3'[vl, f^+i]. 

On the other hand, we consider the case i = s. On the contrary, we suppose that 
< e /3'K+i,i';+2]- Then 

Hence Theorem O shows 

which contradicts with (3.5). Hence Subclaim 1 is also true in this case. The proof 
of the subclaim is complete. 

We come back to the proof of the part (1) in Claim 3.1. For each w' G 7- and 
z' G f^_|_2]' have from (3.7) and the choice of w'^ that 

(3.9) So'{w',z') > 6n'{v[,z') - 6d'{v[,w') > (|| - l)Sn'{v[,v'^. 

It also follows from (3.6) and Subclaim 1 that for each z G {2, . . . , s}, 

45 

SD{li,(3[wi,Vs+2]) < SD{vi,Vi+i) < — min{diam(7i),diam(/3[u;i,?;,+2])}- 
Then we see that 

(3.10) Mod{-fi,(3[wi,Vs+2];D) > tpi^ J > ^{^), 
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where U = m.m{dia.m{'ji),dia.m{f3[wi,Vs+2])}- 
Let 

and 

where 77' denote the curves joining 7^' and "^^+2] follows from Theorems 

I and J, (3.9) and (3.10) that 

^ < ^Modi^i,/3[w,,v,+2];D)<Mod{^:,/3'[wlv',^,]-,D') 

/ , ^ ^ rt 

l-n 




< Mod(T;j + Mod(T^J < u^., ritz^^ + (2 ^ ) 



since by (3.7), we obtain that for each 7' G Tgj, 7' ft S(v-, \bj:)i{v'^, f^')) 7^ 0. This is 
the desired contradiction, which implies that the part (1) in Claim 3.1 is true. 

The proof for the part (2) in Claim 3.1 easily follows from (3.5) and Theorem O. 
The proof of Claim 3.1 is complete. 

By Claim 3.1 and Theorem O, we see that 
and so (3.2) and (2) in Claim 3.1 yield 

from which the proof of the lemma follows. □ 



Lemma 2. Suppose that D and D' are bounded, that f : D ^ D' is K- quasiconformal, 
and suppose that D is ip-hroad. If A d D is arcwise connected such that f\A : A ^ A' 
is weakly H-QS in the metrics 6d and 6d', then 5/)(a,x) < ^^(a,?/) implies 

SD'{a',y') ~ \6D{a,y)J 

for all a, X, y E A, where i/j : (0,1] — ?■ (0,+oo) is an increasing homeomorphism 
which depends only on the data 

V az)(Xo) dD'{XQ)J 

and xq is a fixed point in A. 

Proof. Let /iio = exp(4/iii) and 

,„ = max{6'/f.a7'(^),exp ((^l^;;^)^)}. 

For a proof, we let a, x and y E A. Without loss of generality, we assume that 

^D{a,y) > 6Dia,x). 
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Write r = and s = f^'^" ■ Obviously, r > 1. We consider the case where 

^ < ^lAi ^iid the case where r > separately. For each case, we will construct 
an increasing homeomorphism. The desired homeomorphism will be got from the 
obtained ones. 

Suppose first that r < 4//^^. Then by Theorem O, we have 

SD'{a',y') ~ ^Uz)(a,2/)' 

In this case we let 

(3.11) Mt)=AH^^l,t 
for tin [^,1]. 

Suppose next that r > 4//^^. Then we let a be a curve joining a and y in A. We 
let Xi = a, and let X2, . . . , Xt+i be points such that for each i G {1, . . . , t}, Xj+i 
denotes the first point in a along the direction from a to y such that 

(3.12) Soixi, Xi+i) = G'Snia, x) and 6D{xt+i,y) < GSoixt, Xt+i). 
It is possible that Xt+i = y. Clearly, 

Soixi^i, Xi) = - (^Soixt, xt+i) - Soia, x) j . 

i=2 



Then 



and 



Soia^y) <'^SD{xi_i,Xi) + 6D{xt+i,y) < —Soixt, 



t+i ^ 2 

^SD{xi^i,Xi) > (g - Y^)^D{a,y), 



Xt+l) 



i=2 



since the assumption implies that > 4:^1^. Hence we see 

(3.13) t >log6(4r)-2. 
It follows from (3.12) that for each i G {2, . . . , t}, 

' 1 

(3.14) '^6D{xj_i,Xj) < -SD{xi,Xi+i), 

and so by Theorem O, 



SD'{x'i,x-^^) > ^6d'{x[,x[ 



From (3.14), we have 



4 

(3.15) Soixj, Xi) > 6D{xi-i,Xi) - 5D{xj,Xi-i) > -Soi^i^i^Xi) 

for each j G {1, . . . , i — 1}. 
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For each i e {2, . . . , t}, we let 

Bi = M(xi,^6D{xi-i,Xi)) and Q = Ms^fxi, —6D{xi-i,Xi 

It follows from (3.15) that for alH 7^ j G {2, . . . , t}, 

4 2 

6Dixi,Xj) > -max{dD{xi^i,Xi),6Dixj^i,Xj)} > -/iio max{(5z)(Ci), (5d(Cj)}, 

whence 

(3.16) d n Cj = 0. 

For each i G {2,...,t}, let i/i (resp. Vi) denote the first point in a along the 
direction from Xi to Xj+i (resp. from yi to Xj+i) such that 

1 6 

(3.17) SDixi,yi) = —6D{xi-i,Xi) {resp. dDixi,Vi) = —SD{xi-i,Xi)), 

and let Wi be the first point in a along the direction from Vi to Xj+i such that 

(3.18) 6D{vi,Wi) = ^6D{xi-i,Xi). 

/^lO 

We obtain from (3.14) that 

6 

SDixi,Xi) < 5z)(xi,Xi_i) +SD{Xi-i,Xi) < -SD{Xi_i,Xi) 

5 

and 

4 

6Dixi,Xi) > 5DiXi^i,Xi) - 6Dixi,Xi^i) > -5D{Xi-i,Xi) 

Then 

5 5 
SD{xi,yi) > ■^-^SD{xi,Xi) > —6D{a,x), 

and so Lemma 1 and Theorem O imply 

(3.19) 6d'{x[,x',) < (l + -^)-^/^8 ' S^,(x'„y';) and 6D'{a',x') < H5d'{x\,x[). 

For all w G a[xj, yi] and 2 G Wi], the choice of ?/j and Wi implies that 

(3.20) 6d{w,z) > 6D{xi,z) - 6Dixi,w) 

4 

> Snixi, Vi) - Snivi, z) - Soixi, w) > —Soixi^i^Xi). 

As a consequence, we see that a[xi,yi] fl = 0. From (3.17) and (3.18), we 
have 

/oon A/r r 1 r 1 ^ f SD{a[xi,yi],a[vi,Wi]) \ 

(3.21) Mod{a[xi,yi\,a[Vi,Wi\;D) > ip{^ j 

f SD{Xi,Vi) \ 

> ^(^^j>^(6), 

where U = min{diam(a[a:j, ?/i]), diam(Q;[t;i, lyj])}. Let 

Toi = {7 : 7 C 5, n C,}, Tii = {7 : 7 C 5, - 5, n Ci} 
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and 

where 7 denote the curves joining fji] and a[vi, Wi\ in D. 

It follows from (3.17), (3.18), (3.20), (3.21), Theorems I and J that 

y^(6) < Mod{a[xi,yla[vi,Wi]-D)<Mod{T^.;) + Mod{Tu) + Mo^{T2i) 
< Mod(ro.) + f?„(^^Jf^)+a;._i(log/in)i-", 

Z/ill 

since for each 7 G r2j, 7 fl ^(xj, ^^^(^^i-i, 2;j)) 7^ 0. We deduce that 

(3.22) Mod(r[,) > -^Mod(ro.) > -^m- 
For all t« G a[xi, i/i] and 2; G a[vi, Wi], since 

and 

2 

5d(w^, Ui) < Soixi, w) + Soixi, Hi) < —6D{xi_i,Xi), 

we infer from (3.20) that 

6d{w,z) > inax{5D{xi, w) , Sd{w , Ui)} . 

Then (3.19) shows 

(3.23) Soiw^z') > ^max{A5n'ix[,w'),2SD'iw\yl)} 

- ^^D'{x'i,y[)> ^ -2 5D'{a',x'). 

Let 

r'o,^ = {7' : 7' C r[, nB(x:,/.n<5D'(«',2/'))}, 
r[„, = {7' : y C r[, and 7' n §(x:, /.n5D'(a', 2/')) 7^ 0} 

and 

B[^ = B[nClnM{x[,finSD'{a',y')). 
Then (3.22) and Theorem J imply that 
3 
AK 

< Mod(r[,,J+u;„_i(log/xii)^ 

Hence 

5 

sk 

and so by (3.23) and Theorem I, 



—m < Mod(r[,) < Mod(r[, J + Mod(r[,j 



Mod(r'o,J > —ip{Q), 



>).Mo.,r,,.(Hii±|lgp^)V.;,,, 
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Then 



(3.24) m(S;j > ^^^^^ -{5o'{a',x')r. 

m {2{i + H)H^fif^^ y 

Since (3.14) implies 

24 

SD{a,y) > SD{xt,y) - SD{a,Xt) > —Snixt-i^xt), 

5 

we see that for each z G {2, . . . , t}, 

6 1 

6D{a,Xi) < SD{a,Xi^i) + 6D{xi_i,Xi) < -(5£,(xi_i, Xj) < -5z)(a,?/). 

5 4 

It follows from Theorem O that for each w' G dB[^, 

Sd'{x[, w') < Sd'{x[, x'i) + 6D'{Xi, w') < (/ill + H)So'{a', y'). 

Hence 

B[,cM{x[,2fii,HSD'{a',y')). 

Then by (3.16) and (3.24), 

5ip{6) 



i5D'{a',x')r-t < ^m(i?;, 



li) 

8/^(2(1 + H)H^^il'~'~y ^+1 

< m(B(a',2/iiii/5i5, (a', ?/'))) 

< Un^i{2^ii^H5D'{a\y')Y, 

and so by (3.13), we get 

^M6) logo 

In this case, we let 



(3.25) ij2{t) = 4(1 + H)fiuH'fi;'' ' 

for t in (0, 4^)- By letting 



\5^{6) loggi 



fii2 = max |4i//ifi, 4(1 + H)finH'fi^ 
we see from (3.11) and (3.25) that the homeomorphism 



^12 



if t G (0, 



. t, iftG[-V,l] 
(log6 4/i?i)^ ^4/.f/ 



is the desired. □ 
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3.1. The proof of Theorem 1. The sufficiency of Theorem 1 easily foUows from 
Theorem P. For the proof of the necessity, by definition, it suffices to prove that 
there exists a homeomorphism rj : (0, oo) — (0, oo) such that the inequality 

< v' 



holds for all xi, X2 and X3 G A with Xi ^ X3. 

We divide the construction into the case when Sd{xi,X2) < Sd{xi,X3) and the 
case when 6o{xi,X2) > d£){xi,X3). In each case, we will get a homeomorphism 
or homeomorphisms. Then we construct the desired homeomorphism r] from the 
obtained ones. 

First, we suppose that dD{xi,X2) < 5z)(a^i, 2:3). Then Lemma 2 shows that 

5d'{x[,x'2) ^^[5d{xi,X2) 



5d'{x'^,x'^) V(5d(xi,X3) 

where if) is the homeomorphism defined in Lemma 2. In this case, we let 
(3.26) 77i(i) = m 

for t in (0,1]. 

Next, we consider the case 5d{xi,X2) > 6d{xi,X3). Again, we divide the discus- 
sions into two cases which follows. 

Case 1. 6]:)'{x'i,X2) < Hi6r)i{x[,x'^) , where Hi = 36H^ and H is the same constant 
as in Theorem O. 



Apparently, 



6d>{x[,x'2) ^ ^ Sd{xi,X2) 
SDix[,x'^) ~ ^6d{xi,X3)' 



In this case, we define 

(3.27) ri2{t) = Hiilj{l)t 
for t > I. 

Case 2. ^^'(a;'^, Xg) > Hi6D'ix[,x'^). 

Let a[ be a curve joining x[ and in A', and let x'^ be the first point in a[ along 
the direction from to x[ such that 

(3.28) dD'{x'„x',) = hn'{x[,x',). 
Then we obtain 

(3.29) 5d'{x'^,x[) > 6d'{x[,X2) - Sd'{x'4^,X2) = -5d'(^'u4) 

o 

and 

9 

(3.30) 5d'{x'4,x[) < 5d'{x[,X2) + 5d'{x'^,X2) = -5d'{x[,X2). 

o 

Claim 3.2. min{5/)(x4, xi), 5d(x4, X2)} > H26d{xi,X2) with H2 = • 
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Now, we prove this claim. If 6d{x4,X2) > 6d{x4,xi), then by Lemma 2, (3.28) 
and (3.29), we have 

^ ^ Sd'{x'^,x[) ^ ^j Sd{x^,Xi) \ 

Since 6ci{x4,X2) + Sc^Xi, Xi) > 6d{xi,X2), we see that 

ip~^(7) 1 
Sd{x4,xi) > y^—IPY^(^d{xi,X2) and Sd{x4,X2) > -5d{xi,X2). 

If Sd{x4^,X2) < Sd{x4^,Xi), then by Lemma 2, (3.28) and (3.30), we have 

1 ^ ^Z)/(X4,4) ^ ^J 5d{x4,X2) \ 

9 ~ Sd'{x'4^,x[) ~ \6d{xa,xi)J' 

whence 

Sd{xa,X2) > —tttzSd{xi,X2) and Sd{x4,Xi) > -5d{xi,X2). 

The proof of Claim 3.2 is complete. 

Let E[ = a'i[x'2, x'^], and let a2 be a curve joining x'l and X3 in A'. 

Claim 3.3. There exists a point y'^ in a'2 which satisfies 

(1) Sd'{x[,x',) < SD'{x[,y',) < 2HSd'{x[,x',); 

(2) 5o(xi,X3) <^D{xi,y3); and 

(3) a[[x[,y'^] cMix[,2H6D'{x[,x',)). 

If (^^'(aa) < 2i/(5z)/(2;']^, X3), then we let y'^ = x'^. Obviously, 1/3 satisfies the 
conclusions (1), (2) and (3) in Claim 3.3. 

On the other hand, if 5/)' (02) > 2HSij'{x[,x'^), then we take y'^ to be the first 
point in 02 along the direction from x[ to x'^ such that 

3 

^D'ix[,y'^) = -H5d'{x[,x'^). 

Then Theorem O shows that 6d{xi,X3) < doixi^y^). Hence Claim 3.3 is true. 

Let E2 = a2[x[,y'^]. We obtain from Claim 3.2 and the assumption ''Sd{xi,X2) > 
5£)(xi, X3)" that 

(3.31) min{diam(£'i), diam(i?2)} > min{if25_D(a;i, X2), <5z5(xi, X3)} 

> H2SDiXi,X3). 

Then it follows from the choice of X4, Claim 3.3 and the assumption '^Sd'{x[,X2) > 
Hi6j:)'{x[, x'^)" that for each u' G E[ and v' G E'2, 

(3.32) 6d'{u',v') > Sd'{x'i, X2) — Sd'{x2,u) — 6d'{x[,v') 

f7 2H^ , 



Let 
and 



r; = {i : y C B(x;, {5n'{x'^,x'2)5n\x\,y',))l)} 
T'2 = W : j'nS{x[,{dD'{x[,x'2)5n'{x[,y',)f^) ^ 0}, 
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where 7' denote the curves joining E[ and E2 in D'. Then we infer from (3.3) in 
Claim 3.3, (3.32), Theorems I and J that 

(3.33) Mod{E[, E^; D') < Mod(r;) + Mod(r2) 



< 



(d-f )5^,(x;,4))" 

'1 5D'{x[,x'2)^^-r^ 



+'^"-'(2'°«fo,W,»l 



Am5D'{x[,x'^) 

since for each 7' G Fg, 7' fl S(x'^, 2if5£)/(x'j^, X3)) 7^ 0. Moreover, (3.31) imphes 

A A \mm|diam(£/i), diam(A2)}^ 

1 / (5£,(Xi,X2) 

> —(p( 



K \H2Sd{xi,Xs] 
which, together with (3.33), shows that 



Sd'{x[,x'2) 2 f^f2KuJn-l\^ 

< AH exp ' ^ ' 



where = ( J-p^^i'^^) j ^ j^Jq^ jg^^ 

(3.34) „3(,).4ff^e.p (2/^(^1^)-) 

for t>\. 

Now, we are ready to conclude the existence of the homeomorphism r]. By letting 
/ii3 = exp (^2(^^5^)^^, we see from (3.26), (3.27) and (3.34) that the homeo- 
morphism 

'i/i/ii3r/i(t) iftG(0,l], 

max{/ii3772(i),9V^(l)^?3(0} if ^ ^ (l,oo) 
is the desired one. The proof of Theorem 1 is complete. □ 



4. The equivalence of John domains 

In this section, we will prove Theorem 2. Throughout this section, we always 
assume that D and D' are bounded domains in M". We begin to prove several 
lemmas. 

Lemma 3. Let f : D ^ D' be a K -quasiconformal mapping and f : D ^ D' be 
a homeomorphism. Suppose D is a c-uniform domain. Then for x ^ D and each 
I{x) G $(x), we have 

max{dD'{x'), dist(x', J'(x))} < yUi4diam(/'(a;)), 



On the quasisymmetry of quasiconformal mappings and its applications 21 

where 

{we recall here that I'{x) = /(/(x))). 

Proof. Let B[ = M{x' , ^do'ix')). For each z'^ G dB[, by the inequahty (2.1), we have 

*.(.'.4)>log(l + ^)>log| 
which, together with Theorem E, imphes that 

max{kn{x, Z3), {koix, zs))'i^2} > —kjj,{x',z!^) > — log-. 

\i\x — zz\ < ^doix), then kr){x, Z3) < 1, and so the inequahty (2.3) yields 

(- log < koix, z,) < log (1 + , , ~ 1 ) . 

\fi2 2/ V dD[x) - \zs - x\/ 

Hence we have proved that for z^ G dBi, we have 

|x-2;3| > minjl -exp (-(-^log^)^'),i|(i£,(x) 
= (l-exp(-(-^log^)''^))dz.(x), 

whence 

min{diam(i?i), diam(/(a:))} > min < 2 — 2 exp (— ( — log-) ^),l>d£){x) 

= 2(l-exp(-(llog^)'^^))dz.(a:). 

Then it follows from the obvious fact "dist(i?i, /(x)) < Scdoix)" , Theorems G and 
H that 

^ (a f f'^ ^ JV'^\V'\ <r ^ f dist(i?i,J(x)) 

0„ 4c 1 -exp (-(— log-) )] < 0n ■ r,. TTTTW 

\ V ^ ^ H2 2 / J \mm|diam(i3i), diam(i (x))| 

< Mod(Si,/(x);M") 

< /i4Mod(5i,/(a;);D) 

< K[iM-0^[B'-^,l\x\D') 

< K^i4Mod(S;, J'(x);M") 
dist(S;,/'(x)) 



< Kn4iljn ( — 
Vmi 



min{diam(i?(), diam(/'(x))} 
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and thus 

max{dB'(a;'),dist(x',/'(x))} = dist(x', /'(x)) < 2dist(5i, J'(x)) 

xdiam(/'(x)). 

Hence the proof of the lemma is complete. □ 

Lemma 4. Let f : D ^ D' be a K -quasiconformal mapping and f : D ^ D' be a 
homeomorphism. Suppose that D is a c-uniform domain and that there are constants 

6 > 1 and a < 1 such that ^|^™|q/| < b ^ ^1^™!^! ^ for all continua P C Q G dD. 

Then for x G D and each I{x) G ^{x), we have 

diam(J'(x)) < fii5dD'{x'), 

where 



/ii5 = max 



'72(exp,,-l),24(expM.-lW-(^^i|^) 



Proof. Suppose on the contrary that there exist some x E D and I{x) G $(a:) such 
that 

(4.1) diam(J'(x)) > ^i^do'^x'). 
Then there must exist a continuum P C I{x) such that 

(4.2) diam(F') > -diam(/'(a;)) and dist(x', F') > -diam(/'(x)). 

4 6 

Hence 

1 diam(P') ^ / diam(P) \" 
4 diam(/'(x)) ~ Vdiam(/(x))/ ' 

which implies that 

(4.3) diam(P) > (^^) "diam(/(x)). 

Let i?2 = B(x, |(i£)(2;))- Then for G dB2, we obtain kn^x^yz) < 1, and so 
Theorem E and the inequality (2.1) imply that 

y[ \ 1 

1 + j < kD,{x',y'^) < /i2(^D (2^,1/3))^ < /^2, 

whence 

(4.4) diam(P^) < 2(exp(/i2) - l)rfD'(a^')- 
By (4.1), (4.2) and (4.4), we have 

(4.5) dist(P2,^') > dist(x',P') - diam(P2) > - 2(exp(/i2) - l)^dD'{x'). 
It follows from Theorems G and H, (4.3), (4.4) and (4.5) that 
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(j) (8c{4b)^) < (f) ( ^cdpjx) \ ^ ^ / dist(E2,P) \ 

"V / ~ " Vmin{diam(52), diam(P)}/ ~ Vmin{diam(52), diam(P)}/ 



< Mod {B2, P; M") < fiMod {B2, P; D) < K^Mod {B'^, P'; D') 
, / dist(5' F') \ 

since dist(i?2,-P) < dist(x,P) < Scdo^x). This is the desired contradiction. □ 



Lemma 5. Suppose that D and D' are bounded domains in M", that f : D ^ D' 
is a K- quasiconformal mapping, that D is c-uniform, that f : D ^ D' is a home- 
omorphism, and suppose further that f : {D,6o) — ^ {D',Sd') is rj-quasisymmetric. 
Then for x & D and each I{x) e we have 

diam(/'(x)) < fiiedo'ix'), 

where ^iq = 3?7(16c^)(exp /i2 — !)• 

Proof. For x E D, let y[ E D' be such that 

(4.6) yi E M{x,8cdD{x)) and \x' — y[\ > -dia.m{I' (x)) , 

and let y2 E D he such that \y2 — x\ = ^dnix). Obviously, kD{x,y2) < 1, and so 
Theorem E and (2.2) imply that 

/ eh') \ J- 

log 1 + , , < kD'{x',y'2) < /i2max{/i;z)(x,?/2), (A;d(2;, 7/2)) }/U2 < yU2, 
\ do'Kx'jJ 

where 7' is a quasihyperbolic geodesic joining x' and y'2 in D', and then 

(4.7) l{^')<{e^^^2-l)dD'{x). 



Let 72 be a double c-cone arc joining yi and x in D. The existence of 72 follows 
from the assumption that "D being c-uniform" . Then 

(4.8) 5D(x,yi) < £(72) < c|?/i -xl, 

and thus the hypotheses, (4.6) and (4.8) show that 

diam(/'(x)) 'i5D'{x\y'i) (^Dix.yi) 



6dni[X ,y\} /'On[X,yi)\ , 9, 

On'ix'.Vn) \dn X.yo)/ 



^D'{.x',y'2) SD'ix',y'2) \SD{x,y2) 
which, together with (4.7), yields that 

diam(J'(x)) < 3r]{16c^)SD'ix' ,y2) < 877(1602)^(7') < 3?7(16c2)(exp ^2 - l)dD'{x'), 
from which the proof follows by taking /iig = 3?7(16c2)(exp y[X2 — 1). □ 
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Lemma 6. Let f : D D' be a K -quasiconformal mapping and f : D ^ D' 
be a homeomorphism. Suppose that D is a c-uniform domain and that there are 
constants Cq > 1 and a < 1 such that for all x,w ^ D with \x — w\ < Scdu^x) and 
doiw) < 2cdj:){x), the inequality 

af{w) < eoaf{x)( ^^^^ 



^d{w 

holds. Then for x E D and I{x) G we have 

diam(J'(x)) < ^isdo'^x'), 

where = (Sceo/iy)" and 

^ 3(1 . S,,„r- (l . (exp,., - 1) . (^) ) ) . 

Proof. For Xi G D, we take Zi G B(xi, Scdoixi)) fl D such that 

(4.9) doizi) < (— "^^(xi) and \z[ - x[\ > ■^diam(/'(a;i)). 
Obviously, 

(4.10) \zi-xi\>^dD{xi). 

Let 7 denote a double c-cone arc joining zi and Xi in D. Then 

(4.11) %) < c\zi -xi\< Sc^doixi). 

Let zq be the midpoint of 7 with respect to the arc length and = (Sceo/iy)^, 
where Hj is the same constant as in Theorem R. Since by (4.10), 

doizo) > ^\zi - xi\ > ^doixi), 
2c 4c 

it follows from (4.9) that there must exist a nonnegative integer m such that 

(4.12) I^TrM^i) < dnizo) < fiTi"' doiz,). 
We use xq to denote the first point in 7 from zi to zq satisfying 

doixo) = ^jJ^jdoizi). 

Let yi = Zi. If = 2/1, we let y2 = zq. If xq 7^ yi, then we choose points y2, . . . , ym+i 
in j[zi, Zq] such that for each i G {2, . . . , m + 1}, yi is the first point from Zi to Zq 
with 

(4.13) (iD(2y*) = /u17^c?d(?/i)- 

Obviously, ym+i = xq. If xq 7^ ^o, then we let ym+2 = zq. It easily follows from 
(4.12) that 

dniym+i) > —doizo) > -^—e{'y). 

flu 2c/ii7 
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Hence Theorem D and (4.11) show that 

kniym+i, xi) < /ii log (l H ■ rJ^r"^^ \^]^ i — Tt) - + ScVu), 

V min{(iD(?/m+i),az)(a;i)}/ 

and then by Theorem E, we have 

log%%vv^ < fcD'(2/m+i>a;'i) < /i2max{/ci:,(ym+i,xi), (A;z)(?/,„+i,xi))^} 

< /iiyU2l0g(l + 8cVl7), 

whence 

(4.14) do'iyUi) < (1 + 8c'fiur^'dD'{x[). 
Similarly, by (2.1), it follows that 

(4.15) \y'^^, -x[\< ((1 + ScVr)^^'^^ - l)dD'{x[). 
Moreover, we infer from the assumptions that for each i G {2, . . . , m + 1}, 

a,(,._,)<eoa,(,.)(^^^' " 

which, together with Theorem R, shows that 

(4.16) do'iyl^) < j-/D'{y'i)- 

Now we prove a claim. 
Claim 4.1. For each z G {2, . . . ,m}, we have 



k'-.:..l.2,e.p,.-,(..l,,;'(*^)) 



dD'iy'i) 



To prove this claim, we let Bi = B(?/j, ^doiyi)) for each 2 G {2, . . . , m}. Then for 
w G (9i?j, koiyijw) < 1, and so Theorem E and (2.1) imply that 

(\y' — "^'l \ — 
dD'{yi) / 

whence 

(4.17) diam(SO < 2(exp /i2 - l)t^D'(2/i)- 

It easily follows from (4.13) and the inequality 

\yi - yi-i\ > doiyi) - doiyz-i) = fi - —)dD{yi) 

\ /ii7/ 

that for each i G {2, . . . , m}, 

n B,^i = 0. 

Then we have from Theorems G and H, (4.13) that for each i G {2, . . . , m}. 
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min{diam(i?j„i), diam(i?j)}/ " \min{diam(i?j„i), diam(i?j)}, 
< Mod {Bi^i, Bf, M") < ^4Mod {Bi^i, B^, D) < KfiMod {B'-_^, B[- D') 
dist{BUBl) 



- Vmin{diam(5;_i), diam(B;)}y ' 



which, together with (4.16) and (4.17), shows that 

dist(5;_„i?0 < ^^-i(^^^^)min{diam(S:„i),diam(i?0} 
2(exp/i2-l) , i/0„,(cyUi7) 



and thus 

\y[-yli\ < dist(i?:_i,50 + 2max{diam(5:„i),diam(50} 

2(exp/i2-l) ,-l/0n(c/il7)\ , / A , , / /n 

< (, jc?i^'(?/J +4(exp^2 - l)c?g'(?/J 

< 2,exp..-l)(2 4c'(^))<^.M. 

The proof of Claim 4.1 is complete. 

We are ready to conclude the proof. It follows from Claim 4.1, (4.9), (4.14), (4.15) 
and (4.16) that 

diam(/'(x)) < ?>\y[-x\\<'i{\y[-y'^\ + --- + \y'^^,-x\\) 

15c(exp/i2 - 1) / 1 ,-l/^0n(c/Xi7)\\ , 



< 3(1 + Sc^^iiy)^^^^ (1 + (exp - 1 



10c 
5c- 1 

-H^^"'(^)))^°'<<'' 

The proof of the lemma is complete. □ 

4.1. The proof of Theorem 2. Obviously, it suffices to prove two groups of im- 
phcations: 

(I) (3) =^ (6) =^ (7) =^ (4) =^ (5) =^ (1) =^ (2) =^ (3); and 

(II) (1) =^ (8) =^ (9) =^ (10) =^ (3). 

4.2. (3) =^ (6) ^ (7) ^ (4) =^ (5) ^ (1) =^ (2) ^ (3). 

The implications (1) =^ (2) (3) easily follow from Theorems K, L, M, , N and 
Remark 2. Lemma 4 shows that the implication (7) =^ (4) is true. So it remains 
to prove four implications as follows. 
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4.2.1. (4) =^ (5). 

For w and x in D with Iw — x| < Scdoix), let 71 be a double c-cone arc joining 
w and X in D, and let zq be the midpoint of 71 with respect to the arc length. 
Obviously, 

(4.18) £(71) < c\w -x\< Sc^dnix) and ^(71) < 2cdD{zo). 
Then it follows from Theorem D that 

koizo, x) < ^1 log (1 + ■ .JVw ( ^ + 4c')- 

Then by Theorem E and (2.1), we get 

log < ko'iz'f^jx') < fi2i^^^{kDizo,x),{kDizo,x))'^} < ^i/i2log(l + 4c^), 

and so 

(4.19) dD'iz'^) < {l + Ac^'^'dD'ix'). 
We choose i/q G 'j[ such that 

(4.20) |y^,-4|>^5BK^',2:'). 

On one hand, if doivo) > ^d£,{zo), then by Theorem D and (4.18), we have 

koizo, yo) < fii log (1 + . rJ^/ I m ) < /^i log(l + 2c), 

V mm{rfB(zo),aD(?/o)V 

which, together with (2.1) and Theorem E, yields that 

log ° . ,° < fcD'(yd,4) < /U2max{/cz)(2;o,2/o), (/^d(2;o,2/o))'^} 

< yUiy[X2log(l + 2c). 
Then we infer from (4.19) and (4.20) that 

(4.21) bn'{w\x')<2\y'^-z'^\ < 2(1 + 2c)'^i'^M^.(4) 

< 2{%c' ^^(? ^2c^\Y^^^dD'{x'). 

On the other hand, if doivo) < ^doizo), then it follows from M{yo,6cdD{zQ)) C 
M{zQ,8cd£){zQ)) that there exists some continuum Pi such that 

(1) P,cdDnM{yo,6cdD{zo); 

(2) P,nSiyo,dDiyo)))7^^; 

(3) diam(Pi) > 2dDizo); 

(4) there exist /(zg) G $(^0) and /(^/o) e ^(yo) such that /(yo) C I{zo) C Fi. 
The combination of (4.19), Lemma 3 and the condition (4) in the theorem leads 

to 

\y'o - 41 < dist{y'o, I\yo)) + dist(4, I\z^)) + diam(/'(zo)) 

< (2ai + l)diam(J'(^o)) < (2ai + l)hidD'{z'^) 

< {2ai + l)hi{l + A^Y'^''dD'{x'), 
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and thus (4.20) implies that 

(4.22) 6d'{w', x') < 2(2ai + l)6i(l + Ac^Y'^'^dD'ix'). 

The proof of the condition (5) in the theorem easily follows from (4.21) and (4.22) 
by taking 62 = 2(1 + 4c'^)^'^^'^ max{(l + 2c^)^'^^'\{2al + l)bi}. 

4.2.2. (3) =^ (6). 

For x,w E D, we assume that |x — iliI < Scdoix) and doiw) < 2cdD{x). To prove 
the truth of the condition (6) in the theorem, we consider two cases. 

Case 1. |x — w| > jdni^x). 

Let y[ G D' be such that \y[ — w'\ = ^do'^w'). Then kD'iv'ijW') < 1, and so 
Theorem E and (2.1) imply that 

log (l + ^ ) - ^Divuw) < H2raax^^kDiy[,w'),kDiy'i,w')'^^ < ^2, 
and so 

(4.23) dnivi, w) < (exp(/i2) - l)dD{w). 

It follows from the condition (3) in the theorem and [29] that we may assume that 
/ is ?7-QS with ri{t) = amax{t,t"} for t > 0, where the constants a G (0, 1] and a 
depend only on c, K and n. Then Lemma 5 and the known implication (4) =^ (5) 
imply that the condition (5) in the theorem holds, and so (4.23) and the assumption 
''doiw) < 2c(i£)(x)" show that 

dp'jw') ^ 5D'{y[,w') ^ / 5d{jji,w) \ ^ / 2(exp(/i2) - l)dj,(w) \ 
Ihodn'ix') ~ 6n'(x',w') ~ \ 6n(x.w) J ~ V dn(x) J 



2b2dD'{x') 5d'{x',w') \5d{x,w)J \ dnix) 
< 2a(exp(/..)-l)max|^,(^j | 

'doiw)' 



dniw) /doiw)' 

LX S 

< 4ac(exp(/i2) - 1) ^- 



.doix) 



< 8a62c(exp(;.2) - 1)-^"'^"'^ fMx)V-'^ 



which leads to 



doiw) doix) \dD{w) 

and by Theorem R, we have 

dD{x)y~ 



(4.24) af{w) < 8ab2CfX^{exp{iX2) - l)af{x)(^ 

Case 2. \x — w\ < ^d£,{x). 
Obviously, 



doiw) 



, , , , \dz\ 2\w — x\ , 3dn(w) 
kD{x,w)< / < ' ' < 3 log ■ ^ ' 
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since doiz) > doix) — \x — z\ > ^do^x) for each z e [w, x]. It follows from Theorem 
E and (2.1) that 

lognr-T-TV ^ kD'{x',w') < i22ma^^\kD{x,w),kD{x,w)'^\ 
dn'ix') i J 



3 Sdfjiw) 
< 3 log - < 3//2 loj 



which implies that 



2 - ^ doix) ' 



do'ix') V dnix) 



whence 

dj:,{w) doix) ydoiw) 

We infer from Theorem R that 

(4.25) af{w) < 23^2-°33''>2a/(x)(^^)'~°, 

since ^dni^x) < dci^w) < dn^x) + \x — w\ < ^doix). 

We conclude from (4.24) and (4.25) that the condition (6) in the theorem is true. 

4.2.3. (6) =^ (7). 

Suppose that the condition (6) in the theorem holds true and that P, Q are 
continua in dD with P G Q. Since D is a c-uniform domain, there exists some 
zq E D such that 

diam(L') < ?)cd]j{zQ). 

Let xi E D he such that 

7 1 

(4.26) |xi — zo| > T77diam(Q) and dist(xi,Q) < — diam((5). 

16 64 

We choose a double c-cone arc 72 in D joining xi and Zq, and use Xq to denote the 
midpoint of 72 with respect to the arc length. Further, we take X2 G 72[a^i,a;o] such 
that 

(4.27) £(72[xi,X2]) = ^diam(Q). 
Since 

15 

dD{x2) < Ixi - X2I + dist(xi, Q) < — diam((5), 

64 

we see from (4.27) that 

64 32c 

(4.28) T7dD{x2) < diam(Q) < —dn{x2). 

15 7 



For z E Q, we have 

79 

z — X2\ < diam((5) + dist(xi, Q) + \xi — X2\ < —diam(Q), 

64 



and hence by (4.28), we know that 

Q C M{x2,8cdD{x2))ndD, 
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which, together with (4.28), shows 

gG$(x2). 

Similarly, we see that there exist x^, X4 E D such that 

1 7 

(4.29) dist(a;3,P) < — diam(P) and l^s -X4I < — diam(P), 

64 32 

64 32c 

(4.30) Pg$(x4), — rfD(x4) < diam(P) < — d^(x4), 

i-O t 

and for w E P, 

79 

\w — xA < — diam(P). 
64 

By (4.26), (4.27), (4.28) and (4.29), we have 

1^:2 — 2:4! < |x2 — xi| + |x3 — X4I + dist(x3, P) + dist(2;i, Q) 

+diam(Q) 

47 47c 
< ^diam(Q) < —dD{x2). 

Then we infer from (4.28), (4.30), the condition (6) and Theorem R that 



< fijafixi) <b3iJ.7af{x2)[—, — r < O3/X7— - — - - 

ydnixA)/ dnixo] \( 



l-a 



doixi) ^doixi)/ dD(x2) \dD(x4 

and thus by Lemmas 3 and 6, (4.28) and (4.30), we have 

diam(PO dp^jx'^) 2f dD{xi) Y /15c\° 2/ diam(P) \" 

aifiisdiamiQ') - dD'ix'^) - ^^AdDix2)J " ^\ U J ^Adiam{Q)J ' 
from which the proof follows. 

4.2.4. (5) =^ (1). 

To prove that D' is a John domain, we let Wi and W2 E D he such that 

(4.31) \wi - W2\ > ■^diam(D), 

and let 73 be a double c-cone arc joining wi and W2 in D. Further, we use xq to 
denote the midpoint of 73 with respect to the arc length. Then by (4.31), we have 

(4.32) dD{xo) > 7^^(73) > ^diam(D). 

2c 4c 

For zi E D, we let a/ig be a double c-cone arc joining zi and Xq in D, and i/q 
the midpoint of ao with respect to the arc length. Then we have the following two 
claims. 

Claim 4.2. For y G ao[yo,XQ], we have dp^y) > j^doixo). 

For a proof of this claim, we consider two cases. If |xo — y\ < ^doixo), then 

doiy) > dnixo) - \xo - y\ > l-doixo), 
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and if |xo — y\> \dD{xQ), then 

doiy) > -iiao[xo, y]) >-\xo-y\> ^doixo), 
since is a double c-cone arc. The proof of Claim 4.2 is complete. 
Claim 4.3. is a b[-carrot {diameter) arc, where 

b[ = 2(62exp(4c^/i2) + exp(4cV2) - !)• 
Now we prove this claim. For y G ao, if y € ao[zi, y^], then 

\zi -y\< i{ao[zi,y]) < cdoiy). 
Obviously, there is some y[ in aQ[2;^,?/'] such that 

\y'i - y'\ > ^diam(ao[z^,y']), 

and so it follows from the condition (5) in the theorem that 

(4.33) dmm{a',[z[,y']) < 26D'{y[,y) < ^hdM). 

If y G «o[a^O) ?/o]) then for each u G ao[?/0) 2/]; by Claim 4.2 and (4.32), we have 

< / f± < < !^ < 4e^ 

which, together with Theorem E and (2.1), shows that 

log [l + ^^^(^y,-^ ) ^ kD'{u',y') < /i2max{A;D(M,2/), (^^(m, ?/))^} < 40^2, 
whence 

(4.34) \u' - y'\ < (exp(4cV2) - 1)c?d' (?/')• 
Also Theorem E and (2.1) imply that 

dD\y') 

and so 

(4.35) do' {y'o) < exp{4c^fi2)dD' {y') ■ 
By (4.33), (4.34) and (4.35), we have 

(4.36) di&m{a'Q[z[,y']) < diam(ao[4, 2/o]) + diam(ao[2/o, 2/']) 

< 262t^D'(2/o) + 2(exp(4cV2) - l)dD'{y') 

< 2(62exp(4cV2) + exp(4cV2) - l)dD'{y'). 
It follows from (4.33) and (4.36) that the proof of Claim 4.3 is complete. 

The combination of Theorem K, Theorem M, Theorem N, Claim 4.3 and (4.32) 
shows that the condition (1) in the theorem is true. □ 

4.3. (1) =^ (8) =^ (9) =^ (10) =^ (3). 

The implications (1) =^ (8) =^ (9) =^ (10) follow from [12, Theorem 3.1], and 
the implication (10) =^ (3) follows from Theorem 1. □ 



32 

5. Holder continuity of quasiconformal mappings 
By using Theorem 2, we will give a proof for Theorem 3 in this section. 



5.1. The proof of Theorem 3. Since D is a c- uniform domain, we see that there 
exists some Xq E D such that 

(5.1) diam(L)) < Scdo^Xo). 

It follows from Theorem 2 that we may assume that / is ?7-QS, where rjlt) = 
/ii9 max{t, t*^} for t > 0, the constants a G (0,1] and fj-ig depend only on c, (f 
anu. — 1 7 . 

To prove the theorem it suffices to show that for all x, y E D, 

(5.2) \x' - y'\ < fi2o\x - y\", 

where fi2o = ISfeo/iigC^ {di^m{D))'^ ' ~ min{a,ai} and the constants ai, 6o are the 
same as in Theorem C. 
Clearly 

(5.3) 6nix,y) < c\x - y\. 
Without loss of generality, we assume that 

max{|a; — xo\, \y — Xo\} = \x — Xo\. 

We shall consider the cases where Ix— xo| > 1^0(2^0) and where Ix— xo| < 1^0(2^0)5 
separately. 

Suppose first that \x — Xo| > |(iz)(xo). Then (5.1) implies that 

5z)(x,xo) > \x-xo\ > ^doixo) > -^diam(D), 

18c 

and thus it follows from the assumptions "/ being ?7-QS" and (5.3) that 

\x'-y'\ ^ SD>{x',y') ^ SD{x,y) 



6D'{x',x'f^) Sd'{x',x'q) \Sd{x,xo) 

(18c6D{x,y) fl8c6D{x,y)Y\ 
^ ^""^"n diam(D) \ diam(D) J I 

^ TO f SD{x,y) Y ^ ,0 2 f \x-y\ Y 



diam(Z)) 



/ X — y\ \^ 

(5.4) \x'-y'\ < IStiiQC^SD' (x , Xp) ^-^^^^^^ ) 

/n/ \x-y\ Y 



< 18/ii9C^diam(D 



vdiam(L')/ 
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Suppose next that |x — xo| < |c?/5(xo). Then 

^ 3^— -6 



1 1 

X — y\ < \x — Xo\ + \y — Xo\ < -dc^Xo) < -diam(L') 



and so 



doix) > doixo) - |x - xol > -dnixo) > -\x 

o z 



which, together with Theorem C and (5.1), shows that 

do'ix') - - Uiam(D)y ' 

whence 

,5.5) I.-.', <_ ,,(fyx,.'i^r 

Hence it follows from (5.4) and (5.5) that (5.2) is true by taking 

2 diam(D') • r t 

fi2o = I860/U19C —r. TT^TT- and a = mm{a,ai}, 

(diam(L'))" 

6. A REMARK ON THEOREM 2 

We end this paper with a remark on Theorem 2. In [18], the following general- 
ization of Theorem N was proved. 

Theorem S. ([18, Theorem 1.2]) Suppose that f : D ^ D' is a K -quasiconformal 
mapping between domains D and D' C M", where D is (f)-broad. Suppose also that 
A G D is a arcwise connected set and that A' = f{A) has the ci-carrot property 
in D' with center y'^ G D' . If y^ ^ 00, we assume that A is bounded. If y^ = 00, 
we assume that f extends to a homeomorphism D U {00} — D' U {00}. Then /|a 
is r]-quasisymmetric in the metrics 60 and 60' with 77 depending only on the data 
V = (ci,/f, 0,n). 

In the proof of Theorem 2, by replacing Theorem N with Theorem S, we see that 
the constants in Theorem 2 can be taken to be the ones which are independent of 
the related fixed point Xq in D. 
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